The paper presents the detailed study of controlled dense coding scheme for different types of 3 and 4− particle states. It consists of GHZ state, GHZ type states, Maximal Slice state, Four particle GHZ state and W class of states. It is shown that GHZ-type states can be used for controlled dense coding in a probabilistic sense. We have shown relations among parameter of GHZ type state, concurrence of the shared bipartite state by two parties with respect to GHZ type and Charlie's measurement angle θ. We have seen that tripartite W state and quadripartite W state cannot be used in controlled dense coding whereas |Wn ABC states can be used probabilistically. Finally, we have investigated controlled dense coding scheme for tripartite qutrit states.
receiver utilizing an entangled channel between the two. It is the process of transmitting two-bits of classical messages by sending only one qubit if the sender and the receiver share a maximally entangled state. In this respect, Hao et.al gave one protocol of controlled dense coding [3] where they considered GHZ -states [4] and showed that the three qubits of GHZ state was shared by three parties Alice (the sender), Bob (the receiver) and third party Charlie is the controller of the scheme. In [5] , Fu et. al studied controlled dense coding with four particle non maximally entangled state. There they showed that the transmission of bits from party-2 to party-3 is controlled by party-1 and party-4's local measurements as well. In this paper we mainly emphasized on controlled dense coding with GHZ states, since these states can be generated in the laboratory and demonstrated experimentally using two pairs of entangled photons [6] . Therefore we have used different forms of GHZ -class states, like GHZ -type, quadripartite GHZ states and GHZ states as a special case of maximal slice states [7] . Our another field of study of controlled dense coding was on states of W-class [8] . W-class of states are important from various aspects.
Three particle W state
can be generated using super conducting phase qubits [9] .The three particle GHZ and W states are fully characterized using quantum state tomography [10] . Also four particle W states have been considered here for the study of controlled dense coding. These quadripartite W states can be generated by parametric down conversion method [11] . Study of controlled dense coding has been made upon tripartite qutrit states in this paper too. Such qutrit states are generated via adiabatic passage of dark states [12] .
The paper is organized as follows. In Section 2.1 we discussed controlled dense coding with different forms of GHZ states other than that used by Hao et. al. In section 2.2 we made a study with GHZ type states. Since we know that GHZ type states are not useful for perfect dense coding and for these states probabilistic dense coding was studied by [13] , hence study of controlled dense coding was made with GHZ type states in a probabilistic manner. Section 2.3 deals with Maximal slice states whereas Four particle GHZ states were studied with respect to controlled dense coding in section 2.4. In sections 3.1, 3.2 and 3.3 we used controlled dense coding with W-class of states. Lastly in section 4 the controlled dense coding has been done with tripartite qutrit states, which in turn is followed by summary and discussion in section 5.
2 Controlled dense coding with GHZ -class states:
Different GHZ states:
We first consider GHZ state of the form, (which is different from form used in [3] )
where the first qubit belongs to Alice (A), second belongs to Bob (B) and the third qubit is taken by Charlie (C). As described in [3] , the scheme of 'controlled dense coding', we assume that Charlie measures his qubit under the basis
where | sin θ | ≤ | cos θ |. Then using (2), (1) can be expressed as
where |ψ AB = sin θ |00 AB + cos θ |11 AB ,
von-Neumann measurement of qubit C gives either |+ C or |− C , (each occurring with equal probability 
where,
form of which is similar to that used by [3] , only difference is in the expressions of cell values containing sin θ and cos θ.
When Alice performs one of the four operations { I, σ x , iσ y , σ z } (where I is the idenstity operator and σ i are three Pauli spin operators) on her qubit and sends the qubit to Bob where Bob in turn carries out a controlled-NOT operation on his qubit then it has been shown in [3] that average number of bits transmitted from Alice to Bob at the cost of one GHZ state (1) is
provided the von-Neumann measurement performed by Alice on the auxilliary qubit results in the outcome We choose another unitary matrix of the form
Then with same study as above we see that depending upon Charlie's measurement |+ C , introduction of Alice's auxilliary qubit |1 aux and using collective unitary operation U 2 ⊗ |1 aux , the average number of bit transmitted is now 1 + 2 | cos θ| 2 at the cost of one GHZ state of the form (1).
The study of controlled dense coding [3] is then performed on various other forms of GHZ states
with proper choice of unitary matrix.
We put our study results of controlled dense coding with states of (9) 
We see from above table that for some states like G 1 , G 4 , G 6 the number of bits transmitted is 1+2| sin θ| . Optimum value of bit transmission is 2.
GHZ-type states:
It is a well known fact that the states like
( √ 2 |000 ABC + |111 ABC ) cannot be used for perfect super dense coding [8] . Pati et. al showed in [13] that with such states, hence, dense coding is performed probabilistically. We take general form of GHZ type state as given in [13] 
where L = 1 √ 1+l 2 and l > 0 (considering l to be real). Charile here chooses his measurement basis from (2) . With respect to the basis (2), (10) can be expressed as
where
If von-Neumann measurement of Charlie gives |+ C , the non maximally entangled shared state between
Alice and Bob is |s 1 AB . After Alice introduces auxilliary qubit |0 aux and considers the unitary operator
the form of which is similar to [3] , the collective unitary operation U / 1 ⊗ I B transforms the state |s 1 AB ⊗ |0 aux to
Alice's von-Neumann measurement of |1 aux shows that only one bit is transfered from Alice to Bob whereas the measurement result of |0 aux shows that Alice and Bob shares L(|00 AB +l|11 AB ). The average number of bit transmitted is then 1+
, and the scheme is successful only if θ = sin
As described in [13] , Alice applies any one of the four unitary operators {I, σ x , iσ y , σ z }. The shared state between Alice and Bob then undergoes the following transformation
Alice sends her qubit to Bob. Bob performs a projection on to the basis spanned by the basis states {|00 , |11 } and {|01 , |10 }. It is also shown in [13] that, Bob can extract two bits of classical information with a success probability is 
We see that with states of the form (10), controlled dense coding is thus achieved in a probabilistic way.
In this case we also find a relation between the parameter l and angle θ as
The relation (16) is shown graphically below
Figure 2: The figure shows that for
From fig-2 it is clear that when θ = π 4 , l = 1, the scheme is achieved successfully with success probability 1.
We shall now study the entanglement property of the shared state L ( |00 AB + l |11 AB ) between Alice and Bob and how it is dependent on the parameter l. The concurrence for a bipartite state ρ AB is defined as [14] 
where λ s are the square root of eigenvalues of ρρ in decreasing order. The spin -flipped density matrix ρ is defined asρ
Using (17) and (18) we calculate the concurrence C of the shared state L ( |00 AB + l |11 AB ) which is
Then from (16) and (19) we get
The plot of C versus θ gives The above analysis shows that, before dense coding is executed between Alice and Bob, what state they will share, is also controlled by Charlie. The protocol of dense coding is done successfully provided Charlie fixes his measurement angle to θ = π 4 , as in this case only Alice and Bob shares maximally entangled state and the success probability is therefore 1.
GHZ state as a special case of MS state:
The maximal slice (MS) state is defined in [7] as
As before if Charlie chooses his basis from (2), the state shared between Alice and Bob is either of the following two, depending upon Charlie's measurement basis {|+ C , |− C }.
|φ
M S1 AB = sin θ |00 AB − cos θ sin δ|11 AB + sin θ cos δ|11 AB |φ M S2 AB = cos θ |00 AB + cos θ cos δ|11 AB + sin θ sin δ|11 AB
If Alice and Bob shares the state |φ M S1
AB then after Alice introduces auxilliary qubit |0 aux , choosing unitary operator (13), the collective unitary operation U [|000 ABC + |111 ABC ], the controlled dense coding with which was already shown by [3] .
Four particle GHZ states:
In [5] Fu et.al shows the protocol of controlled dense coding with a non -maximally entangled state. We in this section use the Fu protocol for four particle GHZ state given by
where P, A, B, C respectively represents Paul, Alice, Bob and Charlie. Now Charlie chooses his measurement basis as given in (2) . The state (24) is therefore expressed as
such that |ς P AB = cos θ|000 P AB + sin θ|111 P AB , |τ P AB = sin θ|000 P AB − cos θ|111 P AB .
Paul now chooses a new basis
and carries out a unitary operation on his qubit. Suppose Charlie's measurement result gives |+ C , then
Paul, Alice and Bob shares the state |ς P AB . With respect to Paul's basis (27), |ς P AB is then expressed as,
where |µ AB = cos θ cos ε|00 AB + sin θ sin ε|11 AB , |ν AB = cos θ sin ε|00 AB − sin θ cos ε|11 AB .
For Paul's local measurement result |+ P , say, the shared state between Alice and Bob is |µ AB . Now
Alice introduces one auxilliary qubit |0 aux . We consider unitary operator
The collective unitary operation of U 3 ⊗ I B transforms |µ AB ⊗ |0 aux to
The von-Neumann measurement outcome |0 aux of Alice shows that the non-maximally entangled state shared between Alice and Bob is sin θ sin ε (|00 AB + |11 AB ).
Using [14] , we calculate the concurrence C 1 of (32), which is given by
The above relation (33) is shown graphically below 3 Controlled dense coding with W -class states:
W-state:
Let us consider the state [8] in the form as
When Charlie chooses his basis as given in (2), then the W − state can be expressed as
where | AB = cos θ|10 AB + cos θ|01 AB + sin θ|00 AB | / AB = sin θ|10 AB + sin θ|01 AB − cos θ|00 AB
We assume that Charlie's von-Neumann measurement outcome is |+ C so that Alice and Bob shares non maximally entangled state is | AB . Alice introduces auxilliary qubit |0 aux and she considers unitary operator (13) (17) we measure the concurrence (C 2 ) of the shared state and consequently find that
Then in the following we plot C 2 versus θ. 
Four particle W state:
Consider now a state of the form as [8] 
where P, A, B and C respectively are Paul, Alice, Bob, Charlie. We use now scheme of [5] again. As before the state (39) is then expressed in terms of Charlie's measurement basis { |+ C , |− C } from (2) and consequently we get
where |t 1 P AB = cos θ(|100 P AB + |010 P AB + |001 P AB ) + sin θ |000 P AB √ 2 ,
Again Paul chooses now his basis {|+ P , |− P } from (27) and expresses (40) in terms of his basis elements as
If suppose we assume that Paul's von-Neumann measurement outcome results in |+ P , then the shared state between Alice and Bob is |t 
Using (17), we calculate the concurrence (C 3 ) of the state (44) and when we plot this concurrence against θ and ε as independent variables we find the following picture. , whereas 0 ≤ C 3 ≤ 0.5
In Fig-6 , the first plot represents the concurrence C 3 against {ε, θ }. The second plot of Fig-6 gives the variation of C 3 against θ whereas ε = π 4 . From the above analysis we see that, the state (39) is also not suitable for controlled dense coding as because when Paul and Charlie varies their parameter ε and θ, the concurrence of the state shared between Alice and Bob reaches its maximum value upto 0.5 and therefore the shared state is never maximally entangled. Also if we consider the shared state between Alice and Bob corresponding to the states (34) and (39), we find that the entanglement of the shared state of Alice and Bob for the state (34) is more than that for the state (39) although they both are not useful for controlled dense coding.
W n state:
We in this section now consider a state of W class which can be converted from GHZ ABC = |000 ABC +|111 ABC √ 2 [8] . The state is denoted by |W n ABC and is represented as (without considering the phase factor)
When Charlie considers his basis (2), |W n ABC takes the following form
If Charlie's measurement outcome is |+ C , then the state shared between Alice and Bob is |υ AB = cos θ |φ AB + sin θ |00 AB
Alice introduces auxilliary qubit |0 aux and the collective unitary operation U 3 ⊗ I B transforms |υ AB ⊗ |0 aux in to the following state
where we take the form of U 3 as
For Alice's von-Neumann measurement outcome |0 aux , we see that the shared state between Alice and Bob takes the form
For n = 1, (51), takes the form
Hence Alice and Bob shares non-maximally entangled state cos θ |01 AB + sin θ |10 AB with probability 1 2 . Using (17) we calculate the concurrence C 4 of the state cos θ |01 AB + sin θ |10 AB .
If we plot C 4 against θ, we get the following 4 Controlled dense coding with tripartite qutrit state:
Here we consider a tripartite qutrit state from [15] of the following form
A, B, C are Alice, Bob and Charlie each possessing three qubits |0 , |1 and |2 respectively. Charlie now considers the following basis
With respect to Charlie's basis (55), the state (54) takes the form
When Charile obtains measurement result | C , then Alice and Bob shares |11 AB and only one bit is transferred from Alice to Bob in that case. But when charlie's measurement basis is { | ↑ C , | ↓ C }, then they share a non-maximally entangled shared state. Let Charlie's measurement result is | ↑ C , so that the shared entangled state between Alice and Bob is (sin θ|00 AB + cos θ|22 AB ).
Alice introduces an auxilliary qubit |0 aux and performs an unitary operation on her qubit A and the auxilliary qubit (with respect to the collective operation under the basis (|00 Aaux , |01 Aaux , |02 Aaux , |10 Aaux ,
In this regard we consider we consider the 9 × 9 unitary Braid matrix [16] . 
Then the collective unitary operation B 1 ⊗ I B transforms the state (sin θ|00 AB + cos θ|22 AB ) ⊗ |0 aux to the state
If possible the non-maximally entangled state shared between Alice and Bob is cos θ|00 AB −sin θ|22 AB , corresponding to Alice's von-Neumann readout as |0 aux . It immediately follows that when θ = π 4 , then Alice and Bob share the maximally entangled state
respectively to the state (59), then she obtains the following states.
After this she sends her qubit to Bob. Bob then uses a projection operator |00 00| + |22 20| + |02 02| + |20 22|, to his qubit. Bob's projection operator can also be shown in the matrix form in the following 
By measuring qubit A under the basis { |0 A ± |2 A } and { |2 A ± |0 A }, he can distinguish Alice's operations and the phase bit is gotten, so 2 bits, { 0, 2 }, of information are transmitted. If, however the shared state between Alice and Bob is (cos θ|00 AB − sin θ|22 AB ), then Alice will consider the following form of the Braid matrix [16] 
Applying the protocol as described above, 2− bits of information are transferred from Alice to Bob again.
Summary and Discussion:
To summarize, we have discussed the scheme of controlled dense coding on different types of tripartite and quadrpartite states. In this respect, different forms of GHZ state other than that used by [3] have been considered first and we have shown that for each of the forms the maximum number of classical bits transmitted from Alice to Bob is 2, by choosing two suitable unitary operators. It is found that, the average number bits transmitted from sender to receiver depends on the basis of measurement chosen by the controller of the scheme, which in turn is different for different forms of GHZ states. It has been
shown that GHZ -type states like L(|000 + l |111 ), where L = 1 √ 1+l 2 can be used in controlled dense coding scheme in probabilistic way. We have also found that for these GHZ type states , Charlie (the controller of the scheme) chooses parameter l by manipulating his measurement angle θ. Consequently we have found a relation between l and θ and also between concurrence of the bipartite state shared by Alice-Bob with respect to the state L(|000 + l |111 ) and measurement angle θ of Charlie. It is shown that for θ = π 4 , the controlled dense coding scheme is achieved successfully with success probability 1. Controlled dense coding is also achieved with Maximal Slice state only if the parameters θ, δ are chosen in an appropriate way. Four particle GHZ -state of the form is also taken into consideration and the relation between concurrence of the shared bipartite state by Alice-Bob there and parameters { θ, ε } is established. The study of controlled dense coding is made with W-class states. By considering the bipartite state shared by Alice -Bob for the W-class states and by calculating the concurrence of these states, we have explained that states like |W ABC and |W P ABC cannot be used in controlled dense coding. It is because, the maximum value of concurrence for the shared bipartite states w.r.t |W ABC and |W P ABC are 0.7 and 0.5 respectively and never reaches its maximal value 1. But it is interesting to see that the state |W n ABC can be used successfully in controlled dense coding in a probabilistic manner for parameter values n = 1 and θ = π 4 . Finally, we have successfully performed the controlled dense coding scheme on tripartite qutrit state by introducing two 9 × 9 unitary Braid matrices to send 2 classical bits of information from Alice to Bob controlled by third party Charlie.
